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Abstract 

We analyze the effect of having minimum length on a two dimensional 
anisotropic simple harmonic oscillator with PT symmetric imaginary in¬ 
teraction perturbatively. First order correction to the general state is 
calculated analytically to show that it remains real as long as PT sym¬ 
metry is unbroken. The characteristics of PT phase transition remain 
unaltered in this deformed formulation of quantum mechanics. 

At Planck scale the picture of spacetime as a smooth manifold is expected to 
break down. This is because at Planck scale the fluctuations in the metric will 
be of order one. These fluctuations in the geometry will give spacetime a fuzzy 
structure, at Planck scale, called the spacetime foam n-0- As spacetime does 
not even remain a smooth manifold at Planck scale, it is difficult to study this 
phenomena directly. However, we can study the effective low energy phenomena 
using the fact that the Planck scale acts as a minimum length scale for spacetime. 
It may be noted that a minimum length scale also occurs naturally in string 
theory El-El- In fact, even in loop quantum gravity the big bang gets turned 
into a big bounce by the existence of a minimum length scale m- There are also 
strong indications from black hole physics that any theory of quantum gravity 
should come naturally equipped with a minimum length of the order of the 
Planck length m-m- Thus, a minimum length scale naturally occurs in all 
most all approaches to quantum gravity. However, the existence of minimum 
length is not consistent with the usual uncertainty principle. This is because 
according to the usual uncertainty principle, one can measure the length to 
arbitrary accuracy if the momentum is left unmeasured. Thus, in order to 
make the existence of minimum length consistent with quantum mechanics, 
the usual uncertainty principle has to be modified to Generalized Uncertainty 
Principle (GUP) [15]. This modification in turn deforms the Heisenberg algebra 
and which leads to a different representation of the momentum operator in 
coordinate representation. 

Thus, the generalized uncertainty principle consistent with the existence of 
a minimum length can be written as AxAp > h [l + j3L 2 P h 2 Ap 2 ^ /2, where 
/3 is a constant normally assumed to be of order unity and Lp = 10~ 35 m 
is the Planck length. Now from this GUP, we obtain A p < (3~ 1 L p 2 h(Ax ± 

A Ax 2 — (3L 2 ). This implies the existence of a minimum measurable length, 
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Ax > yf]3Lp. It may be noted that this algebra only becomes important at 
Planck momentum A p ~ pp = 10 ie TeV/ c. From now on we will adopt unites 
such that Ti = c = 1. It has been argued that the minimum length can exist at 
an intermediate length scale between Planck length and electroweak length scale 
m -j!4j. If this is the case, then it will be possible to detect this minimum length 
experimentally. In this connection, we will analyse the effect of minimum length 
on PT symmetry. This generalized uncertainty can be derived from a modified 
Heisenberg algebra [a 'i,Pj] = i[Sij + /3(p 2 5ij + 2 PiPj)]. The momentum in the 
coordinate representation for a two dimensional system can now be represented 
as 


Px = -id x [l - fidl -/3d 2 ], 

Py = -id y [l - Pd 2 -/3d 2 ]. ( 1 ) 

The existence of a minimum measurable length deforms all quantum mechanical 
Hamiltonians by Hi/) = H 0 ip + Hit/), where H 0 = —(d 2 +d 2 )/2m + V(x,y) is the 
original Hamiltonian, and Hi = ft(d% + dy + 2d 2 d 2 )/m is the term that occurs 
due to the existence of a minimum length. This deformation can leads to the 
existence of non-Hermitian operators [16] . Thus, when studying the systems 
with minimum length, there is no reason to restrict the interactions to have real 
coefficients. This is because the non-Hermitian behavior can also be introduced 
even in the systems by the existence of a minimum length. In this paper we will 
study a 2D anisotropic simple harmonic oscillator with PT symmetric imaginary 
interaction in this deformed quantum theory. 

We start with the following Hamiltonian of a 2D anisotropic SHO[l Ti¬ 
ff = \ \pl + P 2 y + mu} 2 x 2 + mu 2 y y 2 + 2i\xy] , (2) 

where A is real and uj x / The imaginary interaction iXxy is PT symmetric 
as in 2D, parity is defined as either of x —> —x; y —> y or x —> x; y —> —y. The 
energy eigenvalues and eigenfunctions for this system are obtained by solving the 
Schroedinger equation corresponding to this system in usual quantum mechanics 
as 


E ni ,n 2 = \n 1 + - ) ci + (n 2 + -] c 2 


and 


ip ni ,n 2 (X,Y) = iVexp ( - 


a\X 2 a.i Y 2 


H ni ( ai X)H n 2 (a 2 Y), 


where 


N = 


a\OL 2 


ni!n2!7r2 ni+ra2 

is a normalization constant. Here Ci and C 2 are given by 
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where lo\ = w 2 ± w 2 , k 1 = y 1 — 4A 2 /m 2 wi, and a 2 = mci, and a| = mc 2 - 
The coordinates in a new basis are defined as 


X = 

Y = 



(7) 


Now when k is real i.e. |A| < |—= A c the parameters c\ and C 2 are real 
and the entire spectrum in Eq. (0 is real and the system is in unbroken PT 
phase as in this situation 


PTif> nun2 (x,y) = (-l)iVVu,n 2 (x,y), or, 

PTip ni ,n 2 {x,y) = (-l) 2 ip ni ,n 2 {x,y). (8) 

mu 2 

However when | A | > | —1, n is imaginary and we have complex spectrum 
occurring in conjugate pairs. The system is in broken PT phase as the wave 
function ip ni ,n 2 (x,y) in this situation does not respect the PT symmetry. The 
critical value of the the coupling, A c depends on the anisotropy, i.e. w_ of the 
system. If the system is more anisotropic the span of the PT unbroken phase is 
longer and the system remains in broken PT phase all the time when the system 
becomes isotropic, i.e. w_ = 0 and henceA c = 0 

Now deforming this Hamiltonian using GUP, we obtain 


H = H 0 + H U (9) 

where Hq is the original Hamiltonian as written in Eq. ([2]) with PT symmetric 
imaginary interaction and the effect of deformation due to GUP is 

Hi = l[di + d* + 2%%\. (10) 

TO 

We treat this new interaction term perturbatively to calculate the corrections 
to E n i )T , 2 and ip ni ,n 2 ( x i y) ■ First we observe that <9 4 + <9 4 + 2d 2 d 2 = d\ + dy + 
2d\dy. Now using the relation 

exp(-s 2 /2).ff„(s) = [(s 4 - 6s 2 + 3)H n (s) - 4(s 3 - 3s)H^(s) 

+6(s 2 - 1 ms) - 4 sK'is) + K"{s)) 
x exp(— s 2 /2), (11) 

and properties of Hermite polynomial, H n {x) we obtain the following result 


A E„ 


^ 1pni,n 2 

£ 

2m - 


\Hi\t, 


ni,ri2 


> 


3 ( n\ + rn + i j af + 3 (n 2 + n 2 + ^ ) af 


+( 2 ni + l)(2ri2 + l)ck 2 Q:2 ■ 


( 12 ) 


3 















and some of the special cases are 


AUo.o = 

£_ 

2 m 

|ai + ^a2 + ai«2 > 



A-Eop = 

J_ 

2 m 

+ ^a4 + 3oqa| 
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AUi i0 = 

£_ 

2 m 

y “1 + \ a t + «2 
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A E 1A = 

_P_ 

2m 

15 A 15 A 9 9 

yaq + ya 2 + 9 ai a 2 . 

(13) 


The first order corrections to general eigenfunctions can easily be calculated 
using 

,77-2 2 /) — ,m 2 ,ni,n 2 ^ 2 /), ( 14 ) 


where 


M 


777-1 ,7712,77-1,77-2 


E 

{mi,777-2 }^{ni,n 2 )} 


^ ^mi,m2 (^) 2/)l#j|'0 77-1 ,772 0*5 2/) > 

En\,n 2 


(15) 


Now we have the following interesting observations 

(i) When |A| < |A C | the parameter k is real hence 01,02 are also real. The 
first order correction to the energy eigenvalues, A£ Bli „ 2 due to minimum length 
deformation is real. Now we argue that the deformed system remains in the 
PT unbroken phase in this condition. To show that we have to make sure 
^ni,n 2 (x,y) will have same PT phase with ip ni , n2 (x,y). Now it is easy to 
verify that right hand side of Eq. (ThU) changes under PT as (—l) ni or (—l)™ 2 
which is exactly same as the PT properties of ip nitn2 (x,y) as given in Eq. (f8|). 

(ii) However for | A| > |A C | the corrections due to minimum length deformation 
becomes complex and the deformed theory moves to PT broken phase as the first 
order correction to wave function, A'0 nii „ 2 (x, y) does not respect PT symmetry. 

(iii) At the critical coupling, |A| = |A C |, k - 1 = 0 , and a\ = 02 , additional 
degeneracy occurs as E ni}U2 = E n2 ^ ni . This fact is also reflected in the deformed 
theory. 

(iv) When the system is isotropic u> x = oj y i.e. Ac = 0, then the restriction 
|A| < |A c | never holds and the system is always in the broken phase. So, in this 
case the corrections are always complex as we see from the Eq. m 

(v) Finally, when n\ = n 2 , the energy correction A E ni>n2 is real and the PT 
symmetry is unbroken even for |A| > |A C |. 

We have analyzed the effect of deforming a two dimensional anisotropic 
harmonic oscillator with PT symmetric imaginary coupling by GUP. The char¬ 
acteristics of PT phase transition remain unaltered in this deformed formulation 
perturbatively. It would be interesting to analyze other non-Hermitian systems 
further using GUP. In fact, GUP with a linear term in momentum has also been 
introduced [IS] , This leads to non-locality in any dimension beyond the simple 
one dimensional case m • However, for one dimensional systems there is no 
such non-locality. It would be interesting to analyze one dimensional Hermitian 
systems using this term. 
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